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Abstract—We study the interaction between buyers and ‘sellers’ bid’ auction). As a result there is wniform price

sellers of several indivisible goods (or items). A buyer wants for each item.

a combination of items while each seller offers only one type of g gytcome of strategic behavior in the auction is mod-
item. The setting is motivated by communication networks in led Nash ilibri Itis sh that und let
which buyers want to construct routes using several links and €'€d @S a Nash equilibrium. It1s shown that under compiete
sellers offer transmission capacity on individual links. Agents information a Nash equilibrium exists; it is not generally a
are strategic and may not be truthful, so a competitive equi- competitive equilibrium. Nevertheless, the Nash equilibrium
librium may not be realized. To ensure a good outcome among s efficient. Moreover, it is a dominant strategy for all buyers

strategic agents, we propose a combinatorial double auction. 5,4 for gl sellers except the matched seller with the highest-
We show that a Nash equilibrium exists for the associated game .
ask price to be truthful.

with complete information, and more surprisingly, the resulting i ] )
allocation is efficient. We then consider competitive analysis in ~ Following Aumann [2], we then consider the continuum

the continuum model of the auction setting and show that the model. It was shown in [8] that a competitive equilibrium
auction outcome is a competitive equilibrium. exists in a continuum exchange economy with indivisible
goods and money (a divisible good). Here we show that
the c-SeBiDA auction outcome is a competitive equilib-
We study the interaction among buyers and sellers ¢fum [18] in the continuum model even without money.
severalindivisible goods(or itemg. The motivation is to This is accomplished by casting the mechanism in an
investigate the strategic interaction between internet servié®timal control framework and appealing to Pontryagin’s
providers who lease transmission capacity (or bandwidtiipaximum principle to conclude existence of competitive
from owners of individual links to form desired routes.prices. This suggests that the auction outcome in a finite
Bandwidth is traded in indivisible amounts, say multiples ofetting approximates a competitive equilibrium in the con-
100 Mbps. Thus, the buyers want bandwidth on combinatiorigluum model (see [1] for approximate competitive equi-
of several links available in multiples of some indivisiblelibrium). The proposed mechanism has been implemented
unit. This makes the probleroombinatorial We consider in a web-based software testbed and available for use (see
the interaction in several settings. http:/auctions.eecs.berkeley.edu )-
The_ setting of a conv_e_nnonal market_ economy, in Wh'dﬂ’revious Work and Our Contribution
there is perfect competition, was considered in [8]. It was
shown that the interaction among agents results in a com-When items are indivisible, a competitive equilibrium may
petitive equilibrium if their utilities are linear in bandwidth Not exist. However, when the utility functions are linear and
(and money) and they truthfully reveal them, and the desirdfie demand-supply constraint matrix has a special structure
routes form a tree. The latter requirement is needed for tHguch as the totally unimodular property [8]), a competitive
existence of an equilibrium in the presence of indivisibility.equilibrium does exist [30]. However, the realization of the
Strategic agents, however, have an incentive not to g@mpetitive equilibrium still requires agents to truthfully
truthful. We propose a ‘combinatorial sellers’ bid doublg€port their utilities. But strategic agents (aware of their
auction’ (c-SeBiDA) mechanism that achieves a sociallynarket power’) may not be truthful. Thus, many auction
desirable interaction among strategic agents. The mechani§¥§chanisms are designed to elicit truthful reporting follow-
requires both buyers and sellers to make bids. ¢oisibina-  INg Vickrey's fundamental result [29].
torial because buyers make bids on combinations of itemS,Attention in the auction theory literature has focused on
such as several links that form a route. Each seller, howev&e-sided, single-item auctions [14] but combinatorial bids
offers to sell only a single type of item, e.g., bandwidth on &se in many contexts, and a growing body of research
single link. The mechanism takes all buy and sell bids, solvdg devoted to combinatorial auctions [30]. The interplay
a mixed-integer program that matches bids to maximize tHeetween economic, game-theoretic and computational is-
social surplus, and announces prices at which the match8des has sparked interest in algorithmic mechanism design
(i.e., accepted) bids are settled. The settlement price for[&2].- Some iterative, ascending price combinatorial auctions
link is the highest price asked by a matched seller (hen@hieve efficiencies close to the Vickrey auction [3], [19],
[24]. It is however well-known that generalized Vickrey
The authors are with the EECS department at the Uniauction mechanisms for multiple heterogeneous items may

versity of California, Berkeley. They can be contacted atngt pe computationally tractable [22], [20]. Thus, mecha-
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I. INTRODUCTION



or “myopic rationality”) [20] or linear programming (when incentive compatible.
there is a particular structure such as “gross” or “agent Moreover, we have shown thany Nash equilibrium
substitutability”) [4] have been proposed. allocation (say of a network resource allocation game) is
In [5] one of the first multi-item auction mechanisms isalways efficient (zero efficiency loss) arahy Bayesian-
introduced. However, it is not combinatorial and consideraNash equilibrium allocation is asymptotically efficient. This
tion is only given to computation of equilibria among truth-seems to be the only known combinatorial double-auction
telling agents. An auction for single items is presented imechanism with these properties.
[25]. It is similar in spirit to what we present but cannot It is worth noting that a one-sided auction is a special case
be generalized to multiple items. In [32] a modified Vickreyof a double auction when there is only one seller with zero
double auction with participation fees is presented, while [630sts. The network and congestion games [12], [15] are alll
considers truthful double auction mechanisms and obtaigge-sided auctions.
upper bounds on the profit of any such auction. But the The rest of this paper is organized as follows. In Section
setting in both [6], [25] is non-combinatorial since each bidl we present the combinatorial seller's bid double auction
is for an individual item only. (c-SeBiDA) mechanism. In Section Il we prove that under
Ours is one of few proposals for @mbinatorial double full information, the auction has a Nash equilibrium that is
auction mechanism. It appears to be the only combinatorizgfficient, although it may not be a competitive equilibrium.
market mechanism for strategic agents with unrestricte8ection IV presents a competitive analysis of the c-SeBiDA
strategy spaces. We are able to achieve efficient allocatiomgechanism in the continuum model. We situate our contri-
Furthermore, the mechanism’s linear integer program strubution in relation to existing literature in the conclusion.
ture'ma'kes the computation manageable for many practical || T COMBINATORIAL SELLERS BID DOUBLE
applications [11]. AUCTION
The results here also relate to recent efforts in the network . .
.- . . A buyer places buy bids for a bundle of items such as a
pricing [12], [16], [26] and congestion games literature [15] . SR . :
. . . Set of links that form a route. A buyer’s bid i®@mbinatorial
[23]. There is an ongoing effort to propose mechanisms qur : . o .
' . e must receive all items in his bundle or nothing. A buy-
network resource allocation through auctions [13] and tQ. : . .
o - id consists of a buy-price per unit of the bundle and
understand the worst case Nash equilibrium efficiency loss_ . : .
aximum demand, the maximum units of the bundle that

of S.UCh mecham_sms when users act s'_[rategu_:ally [10], [ e buyer needs. On the other hand, each seller mades
Optimal mechanisms that minimizes this efficiency loss has : T . . .
cambinatorialbids. A sell-bid consists of an ask-price and
also been proposed [31] though not extended to the case of . . :
T - “maximum supply, the maximum units the seller offers for
multiple items. Most of this literature regards the good (in

) . S . : ~ sale.
this case, bandwidth) as divisible, with complete information The mechanism collects all announced bids, matches a

for all players. The case of indivisible goods or incomplete L . , :

) . : . . -t Subset of these to maximize the ‘surplus’ (equation (1),

information case is harder. This paper considers indivisib . . .
elow) and declares a settlement price for each item at which

goods and combinatorial buy-bids. The case of incomple fe matched buy and ask bids—which we call the winning

information is pr eser)ted in [9]. S ids—are transacted. This constitutes the payment rule. As
The results in this paper are significant from several. , -

: ) ... Wwill be seen, each matched buyer’s buy bid is larger, and

perspectives. It is well known that the only known positive

. . : . efach matched seller’s ask bid is smaller than the settlement
result in the mechanism design theory is the VCG class of . T ; .
rice, so the outcome respects individual rationality.

mechanisms [18]. The generalized Vickrey auction (GVAfJ There is an asymmetry: buyers make multi-item combi-

fjvglsnt}n(;or\rtnzlt?;?egoirrzzztrﬁc)e 'ioﬁpggére'n:r:\gdglecirea:tor}?li’n_atorlal bIdS, but sellers on_ly offer one type of item. This
. . ' .Oiqelds uniform settlement prices for each item.

how_ever not budget-bala_nced. The |_ncomplete '”f°”'.‘a“ Players’ bids may not be truthful. They know how the

version of GVA (dAGVA) is Bayes""?‘” Incentive Compatlble’mechanism works and formulate their bids to maximize their

efficient and budget-balanced. It is, however, not ex po

individual rati | Indeed. th ) hani hi dividual returns.
individual rational. Indeed, there exists no mechanism whic A player can make multiple bids. The mechanism treats

is efficient, budget-balanced, ex post individual rational anﬁ]ese as XOR bids, so at most one bid per player is a winning

dominant strategy incentive compatible (Hurwicz impossi id. Therefore the outcome is the same as if a matched
bility theorem). Moreover, there exists no mechanism WhicgIayer only makes (one) winning bid. Thus, in the formal

is efficient, budget-balanced, ex post individual rational an escription of thecombinatorial sellers’ bid double auction

Bayesian incentive compatible (Myerson-Satterthwaite im(c-SeBiDA), each player places only one bid. c-SeBiDA is

possibillity theorem). ) : : a ‘double’ auction because both buyers and sellers bid; it is
In this paper, we provide a non-VCG combinatorial (mar-

) e s ) a ‘sellers’ bid’ auction because the settlement price depends
ket) mech_ar_usm which in the complete lnforr_nf_mon €as€ I3nly on the matched sellers’ bids, as we will see.
always efficient, budget-balanced, ex post individual rational )
and “almost” dominant strategy incentive compatible. In th&ormal mechanism.
incomplete information case, it is budget-balanced, ex post There arelL items iy, ---,l;, m buyers andn sellers.

individual rational and asymptotically efficient and BayesiamBuyer i has (true) reservation valug per unit for a bundle



of itemsR; C {l1,---,l.}, and submits a buy bid df;, per combinatorial, the matched buyers are selected only after
unit and demands up t; units of the bundleR;. Thus, solving the MIP.
the buyers have quasi-linear utility functions of the form The proposed mechanism resemblesihdpuble auction

ub(z;w, R;) = v;(x) + w wherew is money and mechanism [25]. We designed c-SeBiDA so that its outcome
mimics a competitive equilibrium with a particular interest
Bi(z) = {x “vg,  fora <4, in the combinatorial case. It was later discovered that the
0; - v, forxz>§;. single item version SeBiDA resembles thalouble auction

Seller i h . d off I (a special case being called the buyer’s bid double auction
elier, afs (true) per.umt. COSIJ]; and offers to Sf up to [25], [27]). But the two mechanisms differ in how the prices
o; units of [; at a unit price ofa;. DenoteL; = {l;}. o’ determined. It is not clear what a generalization of

Again, the sellers have quasi-linear utility functions of thqhe k-double auction would be to the combinatorial case.

s . N — A, i . . . . .
form wj(z;w, Lj) = —¢;(x) + w wherew is money and Moreover, as we will see SeBiDA has certain incentive-
o) z-¢;, forz<o, compatibility properties lacking in the-double auction.
’ 00, for z > o;. I1l. NASH EQUILIBRIUM ANALYSIS: C-SEBIDA Is

. . . EFFICIENT
The mechanism receives all these bids, and matches some

buy and sell bids. The possible matches are described byWe first focus on how strategic behavior of players affects
integersz;, y;: 0 < x; < &; is the number of units of bundle Price when they have complete information. We will assume
R; allocated to buyei and0 < y; < o; is the number of that players don't strategize over the quantities (namely,

units of iteml; sold by seller;. d;,05), which will be considered fixed in the players’ bids.
The mechanism determines the allocatiori,y*) as the A strategy for buyer is a buy bidb;, a strategy for sellef is
solution of the surplus maximization probleMiP : an ask bidu;. Let # denote a collective strategy. Givénthe
mechanism determines the allocati@rt, y*) and the prices
max > biwi — 305 a5y; (1) {p;}. So the payoff to buyet and seller; is, respectively,
s.t. Ej yj]l(l eL;)— ZZ z1(l € R;) >0, uf(e) = o) —ar- Z P, 3)
Vi e [1ZL],£L'7;€ [OM,V@, Y; € [0,0'j],v_j, lER;
wherel(-) is the indicator function. MIP is a mixed integer ui(0) = i Z pr—¢(y;)- (4)
program: Buyeri’s bid is matched up to his maximum leL;

demandd;; Seller j's bid will also be matched up to his The bidsb;,a; may be different from the true valuations
maximum supplyo;. x7 is constrained to be integralij  , ¢;, which however figure in the payoffs.
will be integral due to the demand less than equal to supply A collective strategy* is aNash equilibriumif no player

constraint. o _ _ can increase his payoff by unilaterally changing his strategy.
The settlement price is the highest ask-price among we now construct a Nash equilibrium for the game de-
matched sellers, scribed by (1)-(4) for multiple items with single unit bids.

@) Theorem 1:(i) A Nash equilibrium(b*, a*) exists in the
c-SeBiDA game. (ii) Except for the matched seller with the

The payments are determined by these prices. Matchéighest bid on each item, it is a dominant strategy for each
buyers pay the sum of the prices of items in their bundleplayer to bid truthfully. (iii) Any Nash equilibrium allocation
matched sellers receive a payment equal to the number isfefficient.
units sold times the price for the item. Unmatched buyers Proof: For the sake of clarity, we change some of the
and sellers do not participate. This completes the mechanigmtation. As before, buyei demands the bundi&; with
description. reservation value;. Let seller(l, j) be thej-th seller offering

If i is a matched buyerz{ > 0), it must be that his item![ (/ € L; in the previous notation) with reservation cost
bid b; > Y, fi; for otherwise, the surplus (1) can beci;, and assumey; < --- < ¢, in whichn, is the number
increased by eliminating the corresponding matched bi@f sellers offering iter.
Similarly, if j is a matched sellery{ > 0), and/ € L;, his We will iteratively construct a set of strategies to consider
bid a; < p;, for otherwise the surplus can be increased bgs Nash equilibrium.
eliminating his bid. Thus the outcome of the auction respects Seta; o = ¢;0 = 0,bp = vo = 1. Consider the surplus
individual rationality. maximization problem (1) with true valuations and costs.

It is easy to understand how the mechanism picks matchégt I be the set of matched buyers ahdthe number of
sellers. For each itenj, a seller with lower ask bid will matched sellers offering iterhdetermined by theé/IP . Set
be matched before one with a higher bid. So sellers withf = v; for all i; af; = cij; vf = bf — X"k, a4, the
bid a; < p; sell all their supply {; = o;). At most one surplus of a matched buyérat staget > 0, and
seller with ask bida; = p; sells only a part of his total
supply (; < o;). On the other hand, because their bids are

pr = max{a; : y; > 0,1 € L;}.

[ e i in A1, 5
arg mlln{iegr};g& 7} (5)



the item with the smallest surplus among the matched buyessing matched inz*, y*) to being unmatched ifz, g), or
at staget. Denote the corresponding surplus bgy. Now, vice-versa. If there is a seller that goes from being matched to
define unmatched then either there is a matched sellgriny*)

aﬁ; = min{a;b-&-l’a?h +1}, (6) replaced by another seller ifi,7) selling the same item
o ’ ’ o (case (i)), or some unmatched sellergiri, y*) are matched
which is the strategy of sellgt, k;) at thet-th stage: His ask in (z, 7) with the set of matched sellers {a*, y*) remaining
bid is increased to decrease the surplus of the matched buyesitched. In this case, some unmatched buyer must also
with the smallest surplus up to the ask bid of the unmatchdzecome matched (case (ii)). The rest of the cases can be
seller with the lowest bid. For all othei, j) # (I, k;), the argued similarly. Thus, the two Nash equilibrium allocations
ask bid remains the same}tj1 = afd. This procedure is would differ in one of the five cases as we go fréat, y*)
repeated until the strategies converge. In fact, it is repeatéal (z, 7).
at mostL times. Observe that at each stage, the matches angj) A matched seller(l, j;) is made unmatched and a

the allocations from the MIP using the current bids, a") unmatched sellefl, j») is made matched;

do not change. Let* denote the seller ask bids when the

procedure converges. . o _ (i) An unmatched buyeri demanding R, is made
We prove that(b*, a”) is a Nash equilibrium, by showing matched and a set of unmatched sellérsuch that

that no player has an incentive to deviate. {l:(l,5) € J} = R; are made matched;

First, an unmatched seller offering itenmas no incentive
to bid lower thar; ;. : Because his reservation cost is higher iy A matched buyer i demanding R; is made
than that, by bidding lower than his reservation cost, it may ~ ynmatched and a set of matched sellefssuch
get matched but his payoff will be negative. Next, consider  that {1, :j € J} = R; are made unmatched;
a matched sellefl, j) # (I, k;) offering item{. By bidding

higher or lower he cannot change the price of the item butj) An unmatched buyerdemandingi; is made matched
may end up getting unmatched. Thus, it is the dominant ~ anq a set of matched buyefswith j € J demanding
strategy of all sellers except the ‘marginal’ sellgrk;) to R; such thatU;c s R, = R; are made unmatched;
bid truthfully.

Now, consider this marginal matched sellérk;). If he (v) A matched buyei demandingR; is made unmatched
bids lower them;, , his payoff will decrease. He could bid and a set of unmatched buyets with j € J
higher but because of (6), either there is an unmatched seller demandingR; such thatU;c;R; = R; are made
of the item with the same ask bid, or there is a marginal buyer  matched:
whose surplus has been made zero by (6). So if he bids higher
e e bt i, CA52 () We mus b, < . and e e bi
‘marginal’ buyer with zero surplus will become unm,atcheﬁ]USt satisfya j, < a;,. But then either/, j)'s payoff is

X . : negative or(l, j;) can also bid just abovél, j»)’s bid. In
causing this marginal seller to be ur_wmatched as well. Thu lther case(#, §) cannot be a Nash equilibrium.
aj r, 1s a Nash strategy of the marginal seller given that a Case (i) We must have, < 3", . ¢ - and the new
other players (except the marginal sellers of the other items) - ¢ (Lan€R: l”{ ~
bid truthfully. bld; must satlsfybi. > Zuﬁjl)eRi arr, With @ ;, < ag,.

Now, consider the buyers. First, an unmatched buiyers This means that either the buyer or at least one seller has a
no incentive to bid lower thah: since he wouldn't match Negative payoff. Thus(z, ) cannot be a Nash equilibrium.
anyway. And if he bids higher, he may become matched Case (|-||) The argument for this case is similar to case (ii).
but his payoff will become negative. Next, a matched buyer Case (iv) We must have; < 3, ; v; and the new bids
with a positive payoff has no incentive to bid lower sincemust satisfyb; > 3. ;b;. But then eitheri’s payoff is
by bidding lower he can lower the prices but only when h&egative or any; € J can bid high enough to outbid In
becomes unmatched. Also, he certainly has no incentive &ther casez, §) cannot be a Nash equilibrium.
bid higher since by so doing he will not be able to lower the Case (v) The argument for this case is similar to case (iv).
price. Lastly, consider the ‘marginal’ matched buyers with Thus, the Nash equilibrium allocation is always efficient.
zero payoff: Clearly, if they bid higher, their payoff will This proves (iii).

become negative; and if they bid lower, they will become u

unmatched. Thus, it is the dominant strategy of all buyers to

bid truthfully. It is obvious that if the minimum in step (5) is not unique,
The Nash equilibrium allocationz{,y*) as determined the Nash equilibrium will not be unique. However, any Nash

above is efficient since it maximizes (1). equilibrium allocation will still be efficient. Furthermore, if
We now show that any Nash equilibrium allocation isthere is a unique efficient allocation, the Nash equilibrium is

efficient. also unique.

Suppose(Z, 3) is another Nash equilibrium which is not It is interesting to note that
efficient. Either there is a buyer or a seller which goes from Theorem 2:With multiple unit buy-bids and single unit



sell-bids, i.e.,o; = 1,Vj, the Nash equilibrium allocation outcome of the c-SeBiDA auction when the number of
and prices((z*,y*),p) is a competitive equilibrium. players is large enough such that no single player by itself
Proof: Consider a matched seller. He supplies exactlgan affect the outcome. An idealization is a continuum of
one unit at pricesp while an unmatched, non-marginal agents. Such a setting was first considered by Aumann [2]
seller (I,5) for j > k; + 1, supplies zero units. The in a general equilibrium setting and others have used this
unmatched marginal sellefl, ;) will supply zero units approach to analysis of games [7].
since p; > a;x,+1. Now, consider a matched buyer At Assume the continuum of buyers is indexedtby [0, 1],
pricesp, he demands up td; units of its bundle. If it is and the continuum of sellers is indexed by € [0,1].
the “marginal” matched buyer, its surplus is zero and iThere arem types of buyers andi types of sellers. Let
may receive anything up t¢;. If it is a “non-marginal” By,---, B,, andS;,--- , S, partition[0, 1] so that all buyers
matched buyer, it receive§; units. An unmatched buyer, in B; demand the same set of iten® (corresponding say
on the other hand, has zero demand at prigeshus, total to a route), and all sellers i§; offer the same itend;,
demand equals total supply, and the market clears. m L; = {l;}. We assume that the partitiod’s and S;'s are
subintervals.

The Nash equilibrium need not be a competitive equilib- A buyert € B; has true values(t), bids p(t) per unit
rium if sellers also make multi-unit bids as the followingfor the setR;, and demands$(¢) € [0, D] units. Suppose
example shows. v(t),p(t) € [0,V]. A sellerT € S; has true cost(r) and

Example 1:(1) Consider two buyers both with= 1 who  asksg(7) for the item(s)L, with supplyo () € [0, S] units,
demand one unit of a good. Suppose there are three sellevish ¢(7), ¢(7) € [0, C]. Let z(¢) and y(7) be the decision
owning one unit each with = 0. Then, the Nash equilibrium variables, i.e. buyet's z(¢) is 1, if his bid is accepted, 0
price isp = 0 and it is easy to check it is a competitive priceotherwise. And similarly seller’s y(7) is 1 if his offer is
as well. accepted, 0 otherwise. We assume that within each partition
(2) Now, consider two buyers both with= 1 who demand B;, the buyers’ bid functionb(t) is non-increasing, and
one unit of a good as before, but with one seller owning allithin each partitionS;, the sellers’ bid functiony(7) is
three units withc = 0. The Nash equilibrium price in this nondecreasing.
case isp = 1 which is different from the competitive price  Note that while in section I, we assumed that buyers

of zero. specify a maximum demand and they may be allocated any
Thus, Nash equilibrium may not be a competitive equilibriunintegral units up to the maximum demand, here we will
when sellers make multi-unit bids. assume that their bundles aa#t-or-nonekind: All demand

Remarks.:1. While we considered single unit bids only, must be met or none. Similarly, for sellers, all supply must
the results extend for multiple unit bids in a straightforwarthe accepted or none.
way. In this case, the number of buyers who match and Denote the indicator function byi(-) and as before,
the number of sellers who match will be different sinceconsider the surplus maximization probleP:
players ask for and offer multiple units. Still, as in single

unit bid case, there will be a “marginal matched” buygr  sup Jy S 2 (6)3(Dp(t)L(t € By)dt (7
and a “marginal matched” sellde; for each itemi. The oy

candidate Nash equilibrium strategies are that all buyers bid fo j=1 Z/(T)U( )a(T)U(r € Sj)dr
truthfully, and all sellers bid truthfully except the “marginal ¢ . fo " y(m)o(TA(l € Ly, T € S;)dr
matched” sellerg:; for eachl. As before, they bidy;, ke =

min{a 41, by }. Now, one can check that all the arguments — Jo S 23N € Ryt € By)dt > 0,

in the proof of Theorem 1 still hold. We only have to consider Vie[l: L], z(t),y(r) € {0,1},Vt, T € [0,1].

those “marginal matched” buyers and “marginal matched” . . e e . e
sellers whose bids are only partially matched. But it cafj "€ Mechanism determing$z”,y"),p) where (2", y") is

argued easily that they too have no incentive to deviate frofi€ Solution of the above continuous linear integer program
the said strategies. and for eachl < [1: L],

2. In our analysis, we have ignored the fact that the players s ) S>0.r€eS 8
can strategically choose quantities, ¢;) that they bid. We Pr=suplg(r)  y(r) > 0,7 € 51}, ®
have also restricted the players to making one bid each aad

opposed to multiple bids only one of which is accepted. In P =inf{q(7) : y(r) = 0,7 € S,}. 9)
these cases, the proposed mechanism may vyield inefficient
Nash equilibria. The mechanism announces pricgs= (p1,---,pr); the

matched buyers (those for whick(t) = 1) pay the sum
IV. COMPETITIVE ANALYSIS OF C-SEBIDA IN THE of the prices of the items in their bundle while the matched
CONTINUUM MODEL sellers (those for whicly*(7) = 1) get a payment equal to
We now present competitive analysis of the c-SeBiDAhe number of their items sold times the price of the item.
mechanism. Since competitive equilibria may not exist fowwhen buyers and sellers bid truthfully, the following result
the setting considered, we investigate the behavior of thHelds.



Theorem 3:If the bid function of the sellerg : [0,1] —  we get from the saddle-point theorem [28],
[0,C] is continuous and nondecreasing in each partifign s . % v -
of [0,1], then(z*, y*) is a competitive allocation anglis a L(z,y; A*) < L(z%,y"; A7) < L(z%, 95 A). (11)

competitive price. . We use this saddle point inequality to conclude the existence
Proof: We first show the existence ofz*,y*) and of a competitive equilibrium.
(Al;---,AL), the dual variables corresponding to the de- | emma 2:1f ((2*,y*), A*) is a saddle point satisfying the
mand less than equal to supply constraints. We do this Bequality (11) above, then th&* are competitive equilib-
casting the cLP above as an optimal control problem angym prices. Moreoverp, < N <p,Vl=1,--- L.
then appeal to Pontryagin’s maximum principle [21]. Define  pyoof: Let ((z*,y*), \*) be the saddle point satisfying
é(t) _ S w2 (6)5(p(t)I(t € B;) the above inequality. Rewrite the Lagrangi&fe, y; \) as
-2 y(t)o(t)qt)l(t € S;), i
Q)= X yt)oUl € L;,t €55) i=1785i IER,

>z € R, t € By), n
O GIONENAGRG)E +>- /S (M) M) — alr))dr

respectively, wherd is the state of the system,andy are
controls, and(¢) and¢(t) describe the state evolution as awhere [(7) is the item offered by sellerr. Now,
function of the controls. The objective is to find the optimaMsing the first saddle-point inequality, we get that
control (z*,4*) which maximizes((1). Let ¥(¢) denote z*(t) = Up(t) > Sier, A7) andy™(7) = Uq(7) < Aj(,)),
. which implies that the Lagrange multipliers are competitive
{0(t) - 2:(0) = 0, vl andx(t), y(¢) € {0,1}, vt € [0, 1]} equilibrium prices. To prove the second part, note that by
Observe thato(t) has cardinality at mos2Z+! in RE+L,  definition, for a givenr, y(7) > 0 implies thatq() < A}
[ £(7)dr is the set of reachable states under the set of 4" 7 € Si, which implies the first inequality. Again from
allowed control functions, namely, all measurable functiondefinition, we get thay(7) = 0 implies thatq(r) > A for
x andy such thate(r), y(r) € {0, 1}. Note that¢(1) defines 7 € 51, which implies the second inequality. =
our total surplus; i.e., buyer surplus minus seller surplus, anp conclude the proof of the theorem, we observe that if
&(1) defines the excess supply for itemi.e., total supply ¢ i continuous and non-decreasing in each inteis/alof
minus total demand for iterh Define [0,1], thenp, = i for eachi, which then equals\; by
1 Lemma 2. ]
I:={0(1) e RETL . 9(1) e/ Y(7)dr, &(1) > 0,Vi},
0 The implication of this result is that as the number of
the set of final reachable states under all control functionslayers becomes large, the outcome of the above auction
such that state evolution happens according to the equaticeysproximates the competitive equilibria of the associated

above, and excess supply is non-negative. continuum exchange economy. We will defer discussion

Lemma 1:T" is a compact, convex set. of the relationship between the Nash equilibria and the
Proof: By assumption, 6(t),p(t),o(t), and ¢(t) competitive equilibria to the conclusions section.

are bounded. By Lyapunov's theorem [Zjﬂlz(r)dr is We now show that the assumption that the sellers’ bid

a closed and convex set. Since and y are bounded function is piecewise continuous and nondecreasing is nec-
functions, the integral is bounded as well. Thus, it is alsessary for the c-SeBiDA's price to be a competitive price.

compact. Moreoverg;(1) is a hyperplane, ang(1) > 0 Example 2: Suppose that there is only one item. Buyers
defines a closed subset &". Therefore,{0(1) : 6(1) € t € [0,0.5] have reservation value 3 while buyers (0.5, 1]

j’ol Y(r)dr}{6(1) : &(1) >0,l=1,---,L} isacompact, have reservation value 4. Sellers [0,0.5] have reservation
convex set. m cost5 while sellers € (0.5, 1] have reservation cost 2. Then,

it is clear that the buyers (0.5, 1] and sellerg0.5, 1] will
Now, our optimal control problem isupg;yer ¢(1). But  be matched with surplug.5 x 2 = 1. Thus,p = 2 which is
observe that one component 6f1) is ((1). SinceI' is notequal tgp = 3. As can be easily checked, the competitive
compact and convex, the supremum is achieved [28] amice is\* = 3 different fromp.
an optimal control(z*,y*) exists inT". By the maximum

principle [21], there exist adjoint functions;(¢) and p; (¢), V. CONCLUSIONS

!l =1,---,L such thatpj(t) = 0, and p;(t) = 0, (i.e., We have introduced a combinatorial, sellers’ bid, double
pj(t) = Af, a constant) fol =0, --- , L. auction (c-SeBiDA). It is worth noting that a single-sided

Defining the Lagrangian over the objective function angwuction with one seller and zero costs is a special case of a
the demand less than equal to supply constraint double auction. We presented two results for c-SeBiDA.

I The first result concerned the existence of a Nash equi-
Lz, y;\) = (1) + Z)‘lfl(l)’ (10) librium for c—SeBiDA with fu]l information. ,In.c—SeBiDA,
= settlement prices are determined by sellers’ bids. We showed



that the allocation of c-SeBIiDA is efficient. Moreover, truth-[17] R. MAHESWARAN AND T. BASAR, “Nash equilibrium and decentral-
te”lng |S a domlnant strategy for a” players except the ized negotiation in aUCtiOning divisible resourced’,Group Decision

. . and Negotiationl3(2), 2003.
h'gheSt matched seller for each item. [18] A. MAS-COLLEL, M. WHINSTON AND J. GREEN, Microeconomic

The Bayesian-Nash equilibrium analysis of the mecha- Theory Oxford University Press, 1995.

i i i i ; ; 19] P. MILGROM “Putting auction theory to work: The simultaneous
msm_ for a s.mgle item under mcomplete information Waé ascending auction’]. Political Economyl108(2):245-272, 2000.
considered in [9]. There we showed that under the €%o) p. ParEs, Iterative Combinatorial Auctions: Achieving Economic

post individual rationality constraint, symmetric Bayesian- and Computational EfficienchD Thesis, University of Pennsylvania,

b ; talli 2001.
Nash equilibrium strategies converge to truth-telling for th 51] L. PONTRYAGIN, V. BOLTYANSKII, R. GAMKRELIDZE AND E. Mis-

single item auction. Thus, the mechanism is asymptotically " ¢ enko, The Mathematical Theory of Optimal Processéshn Wiley,
Bayesian incentive compatible, and hence asymptotically 1962.
efficient. [22] A.RONEN, Solving Optimization Problems Among Selfish AgeRit®
. . Thesis, Hebrew University, 2000.
The second result we presented in this paper concerned {Bg T. RoucHcARDEN AND E. TARDOS, “How bad is selfish routing?”,
competitive analysis of the c-SeBIDA auction mechanism. J. of the ACM49(2):236-259, 2002.

. . : 4] T. SANDHOLM, “Algorithm for optimal winner determination in
We considered the continuum model and showed that withf combinatorial auctions”Artificial Intelligence135:1-54, 2002.

that model c-SeBiDA outcome is a competitive equilibriumyzs) m. SarTERTHWAITE AND S. WILLIAMS, “The rate of convergence
This suggests that in the finite setting, the auction outcome to efficiency in the buyer’s bid double auction as the market becomes
is close to efficient large”, Rev. Economic Studies6:477-498, 1989.
o . [26] J. SHU AND P. VARAIYA, “Pricing network services”Proc. Infocom
In [8], we considered a more general setting and showed 2003.

that a competitive equilibrium exists in a continuum modei27] S. WiLLIAMS , “Existence and convergence to equilibria in the buyer’s

TSR . bid double auction”Rev. Economic Studiés8:351-374, 1991.
of an exchange economy with indivisible items and moneMS] P. P. \ARAIYA, Lecture Notes on OptimizatiprNostrand-Holland,

(a divisible item). 1971.
We have tested the proposed mechanism c-SeBiDR9] W. VICKREY, "Counterspeculation, auctions, and sealed tenddks”,

th h h biect . ts. Th It Finance16:8-37, 1961.
rough human-subject experiments. Those results can R6; s pe vries anb R. VorRra, “Combinatorial auctions: A survey”,

found elsewhere [11]. Informs J. Computind.5(3):284-309, 2003.
[31] S. YaNG AND B. HAJEK, “An efficient mechanism for allocation of a
divisible good”, preliminary draft, November 2004.
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